At first we assume that the function f exists and, we highlight some properties of this function.
In what follows we consider f (0) > 0, which by (ii) implies f (x) > 0.
function. It is strictly monotonic if and only if it is strictly monotonic at every point of I.
Proposition 3. The solution f, f (0) = 0 is strictly monotonic on R iff it is strictly monotonic at zero.
Proof. Taking into account the Definition and Proposition 3 the implication ⇒ is obvious. From (1) we get
By the assumption, f is strictly increasing (strictly decreasing) at zero, then there exists δ(0) > 0 such that sgn
Hence f (x) is a strictly increasing function on R. Now, we shall use the assumption (2) to draw the function f. We choose n 0 = 1, n 1 = 2, n 2 = 2 2 , . . . , n k = 2 k and for given k ∈ N, we find m k ∈ Z such that
and by (2), (iv) and (4), we have
We show that
From (4) results
function. Then g(r) is a strictly increasing and continuous function.
Taking into account (10) and Proposition 2 results (6). In this way, the intervals
form a sequence of close and inclusive intervals and, by Cantor's principle, there exists a common point of all intervals and it is unique because the length → 0 when k → ∞, n k → ∞.
We choose for f (x) even the number which corresponds with this point. In the following we show that the function f satisfies (1). For any x, y ∈ R and for given k ∈ N corresponds m k and p k ∈ Z such that
